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Abstract. Thin Lie algebras are Lie algebras over a field, graded over the 
positive integers and satisfying a certain narrowness condition. In particular, 
all homogeneous components have dimension one or two, and are called dia- 
raonds in the latter case. The first diamond is the component of degree one, 
and the second diamond can only occur in degrees 3, 5, q or 2q — 1, where q is 
a power of the characteristic of the underlying field. Here we consider several 
classes of thin Lie algebras with second diamond in degree q. In particular, 
we identify the Lie algebras in onc of these classes with suitable loop algebras 
of certain Albert-Zassenhaus Lie algebras. We also apply a dcformation tech- 
nique to recover other thin Lie algebras previously produced as loop algebras 
of certain graded Hamiltonian Lie algebras. 



1. Introduction 

A graded Lie algebra 

oo 

L = (B Li 

1=1 

over a field F is said to be thin (according to [CMNS96]) if dim(Li) = 2 and the 
following covering property holds: 

(1.1) L i+ i = [u, Li] for every O^iiG L, : , for all i > 1. 

The definition implies at once that L is generated by L\ as a Lie algebra, and that 
every homogeneous component has dimension 1 or 2. A homogeneous component 
of dimension 2 is referred to as a diamond, In particular L\ is a diamond, the first 
diamond. Another consequence of the definition is that the filtration associated with 
the grading coincides with the lower central series of L. Because of this coincidence 
the degree of a homogeneous element has sometimes been called weight or class in 
the literature. Our preference here goes to the first name. 

The covering property has the following equivalent formulation: every graded 
ideal / of L is located between two consecutive terms U of the lower central series 
of L, in the sense that L l D I D L ,+1 for some i. We refer to [CMNS96] for the easy 
proof that the two definitions are equivalent. Borrowing some terminology from 
the theory of pro-p-groups (see Chapter 12 of the book [LGM02]), which translates 
naturally to the present setting (with graded ideal replacing closed normal subgroup, 
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and so on) we can describe thin Lie algebras as the (positively) graded Lie algebras 
of width two and obliquity zero. 

Thin Lie algebras constitute a natural generalization of the graded Lie algebras 
of maximal class studied in [CMN97] and [CNOO]. In fact, the latter coincide with 
the thin Lie algebras which have no diamonds except the first one. It is convenient, 
however, to explicitly exclude Lie algebras of maximal class from the definition of 
thin algebras. Therefore, as a general rule we require a thin Lie algebra to have at 
least two diamonds. A natural exception to this rule occurs in characteristic two, 
as we explain in the final part of Section 3. In this paper we restrict our attention 
to infmitc-dimensional thin Lie algebras. 

It is known from [CMNS96] and [AJ01] that the second diamond of an infmitc- 
dimensional thin Lie algebra of zero or odd characteristic can only occur in degree 
3, 5, q or 2q — 1 where q is a power of the characteristic p. All these possibilities 
really do occur, and examples can be constructed by taking (the positive parts 
of twistcd) loop algebras of suitable fmite-dimensional Lie algebras. (We explain 
this terminology in Section 2.) In particular, examples of thin Lie algebras with 
second diamond in degree 3 or 5 can be produced as loop algebras of classical Lie 
algebras of type A\ or A 2 (see [CMNS96] and [Car98]) and arise also as the graded 
Lie algebras associated to the lower central series of certain p-adic analytic pro-p 
groups of the corresponding types (see [Mat99], and also [KLGP97]). 

The remaining cases are typically modular, and all the examples constructed so 
far involve fmite-dimensional simple Lie algebras of Cartan type. For simplicity, 
in the following discussion we tacitly assume the characteristic of the ground field 
to be odd. However, in the various sections of the paper we will also discuss the 
changes occurring in the case of characteristic two. Thin algebras with second 
diamond in degree 2q — 1 have been called (—l)-algebras in [CM99]. It was shown 
there how to assign a type to each diamond of a (— l)-algebra. The position of the 
diamonds, and their types, which take value in the underlying field plus infinity, 
are a set of invariants for the (— l)-algebra which determine it up to isomorphism. 
A variety of cases arise, according as the diamond types are all infinite, all finitc, 
or of both types, and some of the corresponding algebras have been constructed 
in [CM99, CM05, AM05], as loop algebras of Hamiltonian algebras H(2 : n; $(t)) (1) 
(see Section 4 for a definition). The case of (— l)-algebras with all diamonds of 
infinite type illustrates alone the abundance of examples, as these algebras are in 
a bijective correspondence (described in [CM99]) with a certain (large) subclass of 
the graded Lie algebras of maximal class. 

An investigation of thin Lie algebras with the second diamond in degree q was 
initiated in [CM04], where they were called Nottingham Lie algebras. The reason 
for the name is that the simplest example is the graded Lie algebra associated 
with the lower central series of the Nottingham group (see [Jen54, Joh88, CamOO]). 
Here, too, one can assign a type to each diamond later than the first, though by 
an essentially different rule from the case of (— l)-algebras. As in that case, the 
types take value in the underlying field plus infinity, but the second diamond of a 
Nottingham Lie algebra has always type —1. Diamonds of type zero or one are really 
one-dimensional components, but it is convenient to allow them in certain positions 
and dub them fake. Nottingham Lie algebras in which the distance between the 
second and the third diamond (if any) is greater than the distance between the first 
and the second diamond were classified in [YouOl], for p > 3. 
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It was shown in [CM04] that if the third diamond in a Nottingham Lie algebra 
(with p > 5) occurs in degree 2q — 1 and is of finite type different from zero or 
one, then L is uniquely determined by a certain finite-dimensional graded quotiënt 
of it. It turns out that the diamond types then follow an arithmetic progression, 
which is thus determined by the type of the third diamond. In the two cases where 
the third diamond is fake, a similar result holds once some extra conditions are 
prescribed. We recall more details from [CM04] in Section 2. Existence of all 
such algebras was supported by computational evidence, but [CM04] contains only 
uniqueness results, in the form of finite presentations for (central extensions of) 
them, essentially encoding their structure up to the third diamond. 

Some of the algebras described in [CM04], namcly thosc where the arithmetic 
progression is the constant sequence — 1 , were produced in [Car97] as (twistcd) loop 
algebras of Zassenhaus algebras W(l;n). (That paper contains a uniqueness proof 
as well, and so does [Car99], which deals with the case of characteristic three.) 
Those where the type of the third diamond belongs to the prime field (and hence 
so do all diamond types) but is different from —1 were constructed in [Avi02] as 
loop algebras of graded Hamiltonian algebras H(2; (l,n))( 2 ) (suitably extended by 
an outer derivation in a couple of cases). Note that the absence of fake diamonds 
in the former case, and the presence of diamonds of both types zero and one in 
the latter, reflects in the dimension of the simple algebra used in the construction, 
namely a power of p and two less than a power of p, respectively (for p > 2). 

The main goal of the present paper is a construction for the Nottingham Lie 
algebras with third diamond in degree 2q — 1 and of finite type not belonging 
to the prime field. The construction is given in Section 6 and is summarized in 
Theorem 6.1. This step completes an existence proof for the whole range of thin 
Lie algebras considered in [CM04] , namely, the Nottingham Lie algebras with third 
diamond of finite type, for p > 5. In this last case, again, there are no fake 
diamonds, and so a simple algebra of dimension a power of p is involved. In fact, here 
we construct such thin algebras as loop algebras of Hamiltonian algebras of type 
H(2; n; $(1)). These simple Lie algebras, together with the Zassenhaus algebras, 
form the class of Albert- Zassenhaus algebras (see the end of Section 4), and this 
justifies the title of this paper. 

We outline the contents of the various sections of the paper. Sections 2 and 4 
are preliminary and essentially expository. In Section 2 we review some results 
from [CM04] and other papers on Nottingham Lie algebras and give precise dcfini- 
tions for some concepts barely mentioned in this Introduction, such as the diamond 
types. Finally, we describe a loop algebra construction, which produces thin Lie 
algebras starting from finite dimensional algebras with a certain cyclic grading. 

Section 3 contains a new approach to locating the second diamond of a thin 
Lie algebra. In particular, we extend the definition of Nottingham Lie algebras 
to ground fields of characteristic two. The main peculiarity of this case is that 
the second diamond is itself fake, of type —1 = 1. Thus, recognizing the second 
diamond as such in characteristic two requires a revision of what we mean by this 
expression. We do that in a uniform way for all thin Lie algebras which includes 
all characteristics. All our results in Sections 5, 6 and 7 admit interpretation in the 
case of characteristic two, which we provide in separate remarks in each section for 
clarity. 
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We devote Section 4 to introducing certain simplc modular Lie algebras of Cartan 
type needed in this paper, namcly, the Zassenhaus algebra W(l;n) and the Hamil- 
tonian algebras ff(2; n; <I>) for various choices of the automorphism $. Most of the 
material in this section can be found in [Str04], but we have made an additional 
cffort of including the case of characteristic two for Hamiltonian algebras. 

Machine computations have suggested that there might be various Nottingham 
Lie algebras where the third diamond has type oo. In fact, in Section 5 we construct 
the simplest of those as a loop algebra of -ff (2; (1, n); $(1)) with respect to a certain 
grading. This Nottingham Lie algebra has diamonds occurring at regular intervals, 
the type pattern being isolated occurrences of diamonds of type —1 separated by 
scqucnccs of r — 1 diamonds of type oo, for some power r of p. The first author of 
this paper had previously given a construction for this algebra (unpublished) , but 
much more involved than the one given here. Another possible diamond pattern 
emerging from machine computations has diamonds of finite types separated by 
bunches of diamonds of infinite type, with the finite types following an arithmetic 
progression. These algebras are under investigation by the first author of this paper. 

In Section 6 we realize the main goal of the paper, by constructing a Notting- 
ham Lie algebra with any prescribed finite type of the third diamond outside the 
prime field. These algebras have diamond occurring at regular intervals, with 
types following an arithmetic progression, and are constructed as loop algebras 
of ff (2; (1, n); $(1)) with respect to a different cyclic grading from that used in the 
previous section. 

We have mentioned earlier that Nottingham Lie algebras with all diamond types 
in the prime field have been constructed in other papers. In Section 7 we obtain 
them all again starting from those with diamond types finite but not all in the 
prime field produced in Section 6. Those of [Car97] with all diamonds of type —1 
are obtained from a Zassenhaus subalgebra of ff (2; (1, n); $(1)) isomorphic with 
W(l; n). Dealing with the other case, originally studied in [Avi02], of non-constant 
finite types in the prime field, involves viewing ff(2; (1, n); ^(l)) as a deformation 
of its associated gradcd Lie algebra with respect to the Standard filtration, which 
is a certain central extension of ff(2; (l,n))W. 

2. Nottingham Lie algebras 

Let L = Li be a thin Lie algebra over the field F, as defincd in the Intro- 

duction. In this paper we will assume without further mention that L is infinite- 
dimensional. The possible location of the second diamond in a thin Lie algebra 
was determincd in [AJ01], extending more specialized results in [CMNS96], and 
building on results of [CM99] and [CJ99]. It was proved there that in a thin Lie 
algebra L over a field of characteristic p ^ 2 the second diamond can only occur 
in a degree k of the form 3, 5, q, or 2q — 1, where q is a power of p. We com- 
ment more on this in Section 3. In particular, 3 and 5 are the only possibilities in 
characteristic zero (which was already known from [CMNS96]). From now on wc 
assume that F has positive characteristic p. Note that the hypothesis p ^ 2 was not 
assumed in [AJ01]. However, the proof depends on results in [CJ99] for p^2, and 
in [Jur99] for p = 2. Since the latter paper contains errors (only partially corrected 
in [JY]), the argument in [AJ01] is inconclusive in characteristic two. Apart from 
this problem, the case p = 2 requires separate consideration in various arguments. 
To mention just one instance, the quotiënt L/L k is metabelian provided p > 2 (as 
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is proved in [CJ99]), but need not be if p = 2 (sec [Jur99, JY]). Therefore, in 
the following discussion we assume that F has odd characteristic p, and postponc 
consideration of the case of characteristic two to Section 3. 

In this paper we restrict our attention to thin Lie algebras with second diamond 
in degree a power q of the characteristic. We call such thin Lie algebras Notting- 
ham Lie algebras, as we have anticipated in the Introduction. We point out that 
in small characteristics there may be coincidences among the possibilities 3, 5, q 
and 2q — 1 for the degree of the second diamond, which wc discuss in detail in Sec- 
tion 3. In particular, in characteristic five one may want to exclude from the class 
of Nottingham Lie algebras the thin Lie algebra with second diamond in degree 5 
considered in [CMNS96], see Remark 3.2. Although such a terminology choice is 
really a matter of convenicncc, that Lie algebra of [CMNS96] does not share several 
common features of Nottingham Lie algebras. However, the situation gets much 
more complicated in the case of characteristic three and second diamond in degree 
q = 3, which comprises a host of thin Lie algebras, some of which we mention in 
Remark 3.5. Because of this and more technical reasons in this section we assume 
q > 3. 

Thus, suppose L is a thin Lie algebra with second diamond in degree q > 3, 
a power of the odd characteristic p. Choose a nonzero element Y € L\ with 
[L 2 ,Y]=0. According to [CJ99] we have 

(2-1) C Ll (L 2 ) = ... = C Ll (L q _ 2 ) = (Y), 

where Ci J1 (Li) = {a G L\ \ [a, b] = for every b <G Li}, the centralizer of Li in L\. 
It follows from [Car97] that one can choose X £ L\ \ (Y) such that 

(2.2) [V,X,X] = 0=[V,Y,Y], [V,Y,X] = -2[V,X,Y], 

where V is any nonzero element of L q _\. Here we adopt the left-normed convention 
for iterated Lie brackets, namcly, [a, b, c] denotes [[a, b],c]. With respect to the 
notation of [Car97, CM04] we have switched to capital letters for the generators X 
and Y, to avoid conflict of meaning with the divided power indeterminates we use 
in later sections. 

The proof of (2.2) given in [Car97] is not very easy to locate, being embedded in 
a rather complex proof that a certain Lie algebra is finitcly presented. Therefore, 
we isolate that part of the argument here for conveniencc. 

Proof of (2.2). Here (but nowhere else in this paper) we need the identity 




which holds for a,b,c in an arbitrary Lie algebra and follows by induction from 
the Jacobi identity. Because of (2.1), for an arbitrary choice of X e L\ \ (Y) and 
setting V = [Y, X, . . . , X] we have 

V v ' 

q-2 

0= [[Y,X,...,X},[X,Y,Y]} = [Y,X,...,X,Y,Y] = [V,Y,Y], 

" v ' S v ' 

9-3 q-2 

which is the second relation in (2.2). The covering property (1.1) implies that L q+ \ 
has dimension one and is spanned by [V, Y, X] . In particular, both [V, X, X] and 
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[V, X, Y] are multiplcs of [V, Y, X] . Similarly, we have 



0=(-l)^ 2 [[Y,X,...,X},[Y,X,...,X}} = 
. ' . ' 



(q-l)/2 (9-l)/2 




which yields the third relation in (2.2). Hence [V, X, Y] ^ 0, and because 
(2.3) [V, X + aY, X + aY] = [V, X, X] + a[V, X, Y] + a[V, Y, X] 

= [V,X,X}-a[V,X,Y] 



we can make the first relation in (2.2) hold by replacing X with X + aY for a 



It follows from (2.3) that an element X satisfying relations (2.2) is determined 
up to a scalar multiple, as well as Y, which is any nonzero element of Cl 1 (L2). 

Relations (2.2) also imply that L q+ i 1 the homogcncous component immediately 
following the second diamond, has dimension (at most) one. This extends to a more 
general fact about thin Lie algebras (not necessarily with second diamond in degree 
q) which is proved in [Mata]: in a thin Lie algebra of arbitrary characteristic with 
dim(i 3 ) = 1, two consecutive components cannot both be diamonds. However, 
there are plcnty of thin Lie algebras where both L3 and L4 are diamonds, part of 
which are describcd in [GMY01], see Remark 3.4. 

Suppose now that Li is a diamond of L in degree i > 1. Let V be a non- 
zero element in Z/,_i, which has dimension one because of the previous paragraph, 
whence [V,X] and [V,Y] span Lj. If the relations 



hold for some fi E F, then we say that the diamond Li has (finite) type fi. In 
particular, relations (2.2) postulate that the second diamond L q has type — 1. The 
third relation in (2.4) has a more natural appearance when written in terms of the 
generators Z = X + Y and Y, which were more convenient in [CM04], namely, 
[V, Z, Y] — /j,[V, Z, Z]. We also define Li to be a diamond of type 00 by interpreting 
the third relation in (2.4) as —[V, X, Y] = [V, Y, X] in this case. We stress that the 
type of a diamond of a Nottingham Lie algebra L is independent of the choice of 
the graded generators X and Y. In fact, we have seen abovc that our requirements 
[Z/2, Y] = and (2.2) determine X and Y up to scalar multiples, and replacing them 
with scalar multiples does not affect (2.4). We note in passing that the situation 
is different for the thin Lie algebras with second diamond in degree 2g — 1 , where 
the diamond types are defined diffcrcntly, and there is no canonical choice for the 
type of the second diamond, see [CM99, CM05, AM05]. 

According to the defining equations (2.4), a diamond of type n = should satisfy 
[V, X,Y] = 0= [V, X, X], while a diamond of type /j, = 1 should satisfy [V, Y, X] = 
= [V", Y, Y] . But then [V, X] , or [V", Y] , respectively, would be a central element 
in L and, thcreforc, would vanish because of the covering property (1.1). Hencc, 
Li would be one-dimensional after all, and hence not a genuine diamond. Thus, 
strictly speaking, diamonds of type or 1 cannot occur. Nevertheless, we allow 
ourselves to call fake diamonds certain one-dimensional homogcncous components 
of L and assign them type or 1 if the corresponding relations hold, as described 
by (2.4). This should be regarded as a convenient piece of terminology rather than 



suitable scalar a. 



□ 



(2.4) 



[V, Y, Y] = = [V, X, X] , (1 - M ) [V, X, Y] - Y, X] 
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a formal definition: whenever a one-dimcnsional component Li formally satisfics 
the relations of a fake diamond of type 1, the next component Lj+i satisfies those 
of a fake diamond of type 0. However, as a rule, only one of them ought to be 
callcd a fake diamond, usually because it fits into a sequence of (genuine) diamonds 
occurring at regular distances. 
It was proved in [CM04] that 

(2-5) C Ll (L q+1 ) = .-. = C Ll (L 2q _ 3 ) = (Y), 

provided p > 5. In particular, L cannot have a third diamond in degree lower than 
2q — 1. The assumption on the characteristic was weakened in [YouOl, Proposi- 
tion 5.1] to p > 3 and q ^ 5. The failure of these assertions for q = p = 5 is 
shown by the thin algebra constructed in [CMNS96] as a loop algebra of a simplc 
Lie algebra of classical type A 2 . This has diamonds in all degrees congruent to 
±1 modulo 6 and, in particular, has its third diamond in degree 7 = 2g — 3. As 
noted in [YouOl, Proposition 5.2], the proof of [CMNS96, Theorem 1] for the case 
p > 5 can be adjusted to prove that this is the only exception to (2.5) for q = 5. In 
characteristic p — 3 there are infinitely many counterexamples to (2.5). All known 
ones have a third diamond in degree 2q — 3, and form a family T(q, 1) described 
without proof in [YouOl, Section 6.3], based on computational evidence. In fact, 
Young described a larger family T(q, r) (with both q and r powers of three) of 
exceptional thin Lic algebras in characteristic three. The paper [Matb] contains 
an explicit construction for T(q,r) based on Hamiltonian algebras H(2; (l,n))( 2 \ 
where 3" +1 = qr. 

The third genuine diamond does occur in degree higher than 2q — 1 for some of 
the Nottingham Lie algebras identified in [CM04] and then constructed in [Avi02] 
(which we consider again in Section 7). In fact, in two (families) of those Lie algebras 
the diamond in degree 2q — 1 is fake (of type zero or one), and the third genuine 
diamond occurs in higher degree (see the next paragraph). Young has classified 
in [YouOl, Theorem 5.7] all Nottingham Lie algebras with third genuine diamond 
in degree higher than 2q — 1, for p > 3. Bcsides the Lie algebras from[CM04, 
Avi02] which we have just mentioned, his list comprises three countable families 
and an uncountable one. Two of those countable families actually consist of solublc 
Lie algebras of finite coclass, having just two diamonds. An almost immediate 
consequence is a classification of the graded Lie algebras (generated by L\) of 
coclass two (for p > 3): any such Lie algebra either belongs to one of those two 
families, or is a central extension of a graded Lie algebra of maximal class. Finally, 
the uncountable family is in a bijection with a subfamily of the graded Lie algebras 
of maximal class of [CMN97, CN00]. This is quite remarkable in view of the fact, 
proved in [CM99] , that thin Lie algebras with second diamond in degree 2q—l also 
include an uncountable family in a bijection with a subfamily of the graded Lie 
algebras of maximal class. There appears to be no obvious connection between the 
two constructions. 

Assuming that L does have a genuine third diamond of finite type fis (hence 
different from and 1) in degree 2q — 1, detailed structural information on L was 
obtained in [CM04], for p > 5. (The case ^ 3 = —1, which includes a graded 
Lie algebra associated with the Nottingham group, had already been dealt with 
in [Car97] for p > 3 and [Car99] for p = 3.) It was shown in [CM04] that L is 
uniquely determined, that the diamonds occur in each degree congruent to 1 modulo 
q — 1, and that their types follow an arithmetic progression (thus determined by 
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f13). This was proved by showing that the homogeneous relations satisfied by L up 
to degree 2q define a finite presentation for a central extension of L (second central 
in case ^,3 — —2), or even for L itself if ^3 ^ F p . Similar structural results on L 
were also obtained in the exceptional cases f13 = 0, 1, where L 2q -i is fake (and also 
L3 q -2 in the former case). However, here uniqueness of L can only be establishcd 
by assuming its structure up to the fifth or fourth diamond, respectively (that is, 
up to the third genuine diamond). In fact, this is where the further Lie algebras 
described in Theorem 5.7 of [YouOl] enter the picture. 

We have mentioned in the Introduction that existence results for some of the 
Nottingham Lie algebras described in [CM04] have been established in various pa- 
pers. Before providing some more details of these results we describe a construction 
which is crucial for them. 

Definition 2.1. Let S be a finite-dimensional Lie algebra over the field F with 
a cyclic grading 5* = © feeZ /jvz let U be a subspace of S\ and let t be an 
indeterminate over F. The loop algebra of £ with respect to the given grading and 
the subspace U is the Lie subalgebra of S (g> F[i] generated by U ® t. 

We omit mention of U when it coincides with S\, as will always be the case 
in this paper, but an cxample where it does not occurs in [Matb]. Note that 
elsewhere, for instance in [CM05], the loop algebra is defined as © fc>0 ®Wt k 
(where k — k + NZ), while with the present definition the loop algebra is only a 
subalgebra of that. The two definitions coincide exactly when U = Si generates 
S as a Lie algebra and S^ +1 = 5j. This does occur in several cases of interest 
but the two definitions are definitely not equivalent when £ is not perfect, for 
example. Typically, S has finite dimension, and the loop algebra construction 
serves to produce an infinitc-dimensional Lie algebra by "replicating" its structure 
periodically. In the applications which we have in mind U is two-dimensional and 
S is simple or close to being simple. Proving that such a loop algebra is thin (in 
particular, the verification of the covering property (1.1)) can conveniently be done 
inside the finite-dimensional Lie algebra S. This is best illustrated by working out 
specific examples, such as those in Scctions 5 and 6. Finally, note that if a Lie 
algebra S is graded over an arbitrary cyclic group G of order N we need to fix a 
specific isomorphism of G with Z/NZ (or, equivalently, a distinguishcd generator 
"1" for G) for the corresponding loop algebra to be defined. 

Nottingham Lie algebras with third diamond (in degree 2q — 1 and) of type 
H3 = —1 were constructed in [Car97], for every odd p (but see also [Car99] for 
the peculiarities of characteristic three), as loop algebras of Zassenhaus algebras 
W(l; n), which are simple Lie algebras of dimension a power q of p, with respect to 
a suitable grading. Among these is the graded Lie algebra associated with the lower 
central series of the Nottingham group (see the last section of the book [LGM02] , 
for example), which occurs when q = p. 

Nottingham Lie algebras with third diamond of type ^3 e F p \ {— 1} were con- 
structed in [Avi02] . They have diamonds (some of which fake) in all degrees congru- 
ent to 1 modulo q— 1, with types following an arithmetic progression. Although the 
assumption p > 5 stated in [Avi02] is needed when dealing with finite presentations 
(and to prove uniqueness results such as those of [CM04] mentioned above), the 
construction given there really works in every odd characteristic (see Remark 3.5 for 
characteristic three) and, with suitable adjustments, even in characteristic two (see 
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Section 3). For /13 ^ —2,-3 those algebras are loop algebras of graded Hamilton- 
ian algebras H(2; (l,n)p 2 >, which are simple Lie algebras (for p odd) of dimension 
two less than a power of p, see Section 4. In the exceptional cases where /Z3 = —2 
or —3, the very first diamond L\ would be fake, if the arithmetic progression of 
diamond types were extended backwards to include it. Therefore, in order to ob- 
tain a two-dimcnsional generating subspace in degree one it is necessary to extend 
H (2; (1, n))' 2 ) by an outer derivation before applying the loop algebra construction. 

In Section 6 we construct, over a perfect field F of arbitrary positive characteristic 
(but see Section 3 to make sense of characteristic two), Nottingham Lie algebras 
with diamonds in all degrees congruent to 1 modulo q — 1, with types following an 
arithmetic progression, and /X3 an arbitrary element of F not lying in the prime field. 
They are loop algebras of Albert-Zassenhaus algebras H(2; (1, n); <&(1)), which we 
define in Section 4. Finally, in Section 7 we apply a deformation argument to these 
Nottingham Lie algebras to recover those of [Avi02] considered in the previous 
paragraph, having diamond types in the prime field. 

So far we have not considered the possibility that the third diamond in a Not- 
tingham Lie algebra has infinite type. We construct one such algebra in Section 5, 
again as a loop algebra of H(2; (1, n); $(1)), but with respect to a different grading. 
There exist more Nottingham Lie algebras with third diamond of infinite type, and 
they are being investigated in [AJ] . 

3. The second diamond in a thin Lie algebra 

In characteristic two we have to adjust the definition of a Nottingham Lie algebra, 
because the second diamond itself is fake, having type —1 = 1. Thus, the second 
diamond is not recognised as such under the natural but restrictive definition of a 
diamond as a two-dimensional component. This causes the discrepancy, mentioned 
in the first paragraph of Section 2, between L/L k being metabelian for p odd (which 
is proved in [CJ99]), where k is the degree of the second diamond, and not being 
necessarily so for p = 2 (see [Jur99, JY]). This discrepancy can be partially resolved 
by redefining the parameter k which marks the degree of the second diamond in a 
thin Lie algebra. Before we do that we recall a concept from the theory of graded 
Lie algebras of maximal class developed in [CMN97, CNOO, Jur05]. To simplify the 
statements, without further mention we assume graded Lie algebra of maximal class 
to be infinite-dimensional. To each non-metabelian graded Lie algebra of maximal 
class L one associates a certain parameter q, which is a power of p. The usual 
way of defining this parameter is considering the smallest integer k > 2 such that 
CL 1 (Lk) 7^ Cl 1 (L2)- According to Theorem 5.5 of [CMN97], k has always the form 
2q for some power q of p, and q is called the parameter of L. However, an equivalent 
way is setting k := dim(L/L^) — 1, where = [[L, L], [L, L]] denotes the second 
derived subalgebra of L. We take the latter approach to define a parameter k for 
thin Lie algebras, leaving aside the case where dim(i3) = 2, which we consider 
separately in Remark 3.4. It turns out that k dcfined in this way coincides with the 
degree of the second diamond in odd characteristic, but not always in characteristic 
two. In the following theorem we essentially restate some known results in terms of 
this new definition of k. For simplicity we restrict ourselves to the case of infinite- 
dimensional thin Lie algebras, as everywhere in this paper, but we point out that 
the result remains true for thin Lie algebras of finite dimension large enough (with 
respect to k). 
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Theorem 3.1. Let L be an infinite-dimensional thin Lie algebra (hence not of 
maximal class, by convention) with dim(i3) = 1, and set k = dim(X/L( 2 )) — 1. 
Then k can only be 5, q, or 2q — 1, where q is some power of p. Furthermore, 
dim(Lfe) = 1 when p = 2 and k = q, and dim(Lfc) = 2 otherwise. 

Proof. Let Lh be the second (genuine) diamond of L, hence ft. > 3 by hypothesis. 
Supposc first that L/Lh is metabelian. According to Theorem 2 of [AJ01] (which 
is not affected by the errors in [Jur99] pointed out earlier), h can only be 5, q, or 
2q — 1. Furthermore, an easy argument from [CMNS96, p. 283] shows that h is 
odd, and that dim(L^ 2 ^ n Lh) = 1. Since L is thin and L^ is an ideal we have 
dim(i /l / X^ 2 ' ') = 1, and hence k — h. We conclude that k can only be 5, q, or 2q — 1 
in this case, with the exception of q when p = 2. 

Now suppose that L/Lh is not metabelian, hence p = 2 according to [CJ99]. 
We may deduce the conclusion from [Jur99] as corrected in [JY], but we prefer to 
proceed directly. We have recalled above that Theorem 5.5 of [CMN97] determincs 
the length of the first constituent in a graded Lie algebra of maximal class. However, 
a closer look at its proof yields the following more precise result. If the graded Lie 
algebra of maximal class M has exactly two components Mj (besides M\) which are 
not centralized by Cm x (M 2 ), say and M r , with k < r, then k equals twice some 
power of the characteristic p. In particular, when p = 2we conclude that k is itself a 
power of two. Since L/Lh is of maximal class and not metabelian, a suitable graded 
quotiënt M of L/Lh+i satisfies those assumptions, and the conclusion follows. □ 

In particular, we call a thin Lie algebra a Nottingham Lie algebra if its parameter 
k defincd as in Theorem 3.1 equals q, a power of p. We will say that Lk is the second 
diamond of L, regardless of the characteristic. In particular, in characteristic two 
the second diamond is actually fake (that is, one-dimensional, of type —1 = 1), and 
the second genuine diamond should perhaps be counted as the third diamond. Apart 
from this peculiarity, the definition of diamond type given by relations (2.4) and 
the related comments extend to the case of characteristic two. These conventions 
will allow us to interpret Theorcms 5.1 and 6.1 for p = 2. We discuss further 
peculiarities of characteristic two in the final part of this section. 

We mention for completeness that we call a thin Lie algebras a (—l)-algebra 
(consistently with previous papers, and in absence of a better name) if its parameter 
k defined as in Theorem 3.1 has the form 2q — 1, where q is a power of p. 

Generally speaking, as we have pointed out in the Introduction of the paper, 
when the characteristic p is large enough the possibilities q and 2q — 1 for the de- 
gree of the second diamond correspond to thin Lie algebras related with certain 
nonclassical finite-dimensional simplc modular Lie algebras, as opposed to the val- 
ues 3 and 5 of thin Lie algebras arising classical simple Lie algebras of type A\ and 
A 2 as in [CMNS96]. When p < 5, coincidences may arise between the former and 
latter cases. In the following remarks we discuss those coincidences, as well as how 
to extend the definition of k to values less than four. 

Remark 3.2 (k = q = 5). The first of the coincidences mentioned above occurs 
when k = q = p = 5. In view of the comments following Equation (2.5), it may 
be reasonable to extend the definition of Nottingham Lie algebras to this case by 
adding the requirement that dim(Ly) = 1, in order to exclude the loop algebras of 
the classical Lie algebras of type A 2 constructed in [CMNS96] . It is then possible 
to prove that (2.5) holds in this case as well. Nottingham Lie algebras fitting these 
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prescriptions are those of [Car97, Avi02] (see also Section 7), as well as those of our 
Theorems 5.1 and 6.1, for q = p = 5. 

Remark 3.3 (k = 2q — 1 = 5). A second diamond in degree 5 also occurs for the 
(— l)-algebras with q = p = 3. In this case, however, the reason for the coincidcncc 
is deeper, as there is a thin Lie algebra fitting both recipes: the classical Lie algebra 
of type A 2 is isomorphic with the Lie algebra of Cartan type H(2; (1, 1), ^(t))' 1 ), 
the smallest Block algebra used in Thcorem 7.2 of [CM05] (whose definition wc 
recall in Section 4). Thus, in characteristic 3 the Lie algebra with second diamond 
in degree 5 constructed in [CMNS96] coincides with one of the infinite family of 
(— l)-algebras constructed in Theorem 7.2 of [CM05]. 

Remark 3.4 [k = 3). The case where the second diamond is L3 was explicitly 
excluded from Theorem 3.1. In fact, the approach taken there to defming the 
parameter k cannot work in this case, because the second derived subalgebra 
of a two-generated Lie algebra is always contained in the fifth term of the lower 
central series. A further obstacle here is that the characterization Cl ± (L 2 ) = (Y) 
of the distinguishcd generator Y fails, because Cl 1 (L 2 ) — {0}. 

This case comprises a host of thin Lie algebras with dim(L4) = 2. In particular, 
all metabelian thin Lie algebras have dim(L 3 ) = dim(I/4) = 2, and were shown 
in [GMY01] to be in a bijective correspondence with the quadratic extensions of the 
ground field F. Non-mctabclian thin Lie algebras with all homogencous components 
except L 2 having dimension two can be produced via a quadratic field extension 
from certain graded Lie algebras of maximal class of the type considered in [CVL00] . 

Much more is known if we impose the requirement that dim(L4) = 1. In fact, if a 
thin Lie algebra in arbitrary characteristic satisfies dim(L3) = 2 and dim(L4) = 1, 
commutation induces a nondegenerate symmetrie bilinear form Lx®L\ — > L4 given 
by Z\ ® Z 2 1— ► [V, Zi, Z 2 ], where V is a nonzero element of L 2 . (Symmetry of the 
form is due to the fact that L/L 5 is metabelian for a two-generated Lie algebra, 
and nondegeneracy follows from the covering property, see [CMNS96].) Here we 
have two possibilities depending on the ground field, according to the value of the 
discriminant of the associated quadratic form in F*/(F*) 2 . (This, besides those 
discussed in the previous paragraph, is one of a few cases in the theory of thin Lie 
algebras where rationality questions arise.) According to [CMNS96], for p > 3 these 
two possibilities lead to exactly two isomorphism classes of (infinite-dimensional) 
thin Lie algebras, obtained as loop algebras of the split and the nonsplit form of the 
classical Lie algebra of type A\. In the split case there exist generators X and Y for 
L such that [V, X, X] = [V, Y, Y] = and [V, X, Y] = [V, Y, X], where V = [Y, X}. 

Remark 3.5 (k = q = 3). In characteristic three the relations given above for the 
thin Lie algebra arising from s£ 2 (the split form of Ai) coincide with relations (2.2) 
which describe the second diamond of a Nottingham Lie algebra. There are infin- 
itely many thin Lie algebras satisfying these requirements. Besides the loop algebra 
of s£ 2 considered in [CMNS96] , which is also the graded Lie algebra associated with 
the Nottingham group (see [Car97]) in view of the isomorphism s£ 2 — W(l;l) in 
characteristic three, we produce countably many in Thcorem 5.1, and a further 
one in Theorem 6.1. In order that those theorems make sense for q = p = 3, we 
extend the definition of diamond type given by relations (2.4) to cover the present 
situation (even though the characterization of Y given by the condition [L 2 , Y] = 
fails here). 
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Furthcr thin Lie algebras of characteristic three with second diamond in degree 
three are the Nottingham deflations N(3,r), which have a diamond in degree onc 
and in each degree congruent to 3 modulo 3r — 1, where r is a power of 3. These are 
special cases of thin Lie algebras N(q, r) described by Young in [YouOl, Section 3.1] 
in arbitrary odd characteristic p, for q and r powers of p, see also [Matb] . Finally 
(as far as these authors know), there are algebras T(3, r), belonging to a family 
T(q, r) of cxceptional thin Lie algebras of characteristic three (with q and r powers 
of p = 3), whose existence was conjectured in [YouOl, Section 6.3] on the basis of 
machine calculations and is proved in [Matb]. The algebras T(3, r) have a diamond 
in degree one and in each degree congruent to 3 modulo 3r — 3. 

Remark 3.6 (k = 2q — 1 = 3 and k = q = 2). The formulation of Theorem 3.1 
suggests that when dim(L 3 ) = 2 and the characteristic is two wc should allow the 
possibility that k = 2 and L 2 is a fake diamond. In fact, certain thin Lie algebras 
in characteristic two with dim(L 3 ) = 2 admit a doublé interpretation, both as 
(— l)-algebras, with second diamond in degree 2q — 1 = 3, and as Nottingham Lie 
algebras, with (fake) second diamond in degree q — 2. We give an instance of this 
ambiguity in Remark 5.3. 

We devote the rest of this section to a discussion of an interesting phenomenon in 
characteristic two. The main peculiarity of characteristic two, which we mentioned 
earlicr and made explicit in Theorem 3.1, is that the second diamond in degree 
k = q is actually fake. (However, its presence is revealed by the existence of a 
homogeneous element of Lpi in that degree; here L^i denotes the restricted closure 
of L in Der(L).) Consequently, our assumption to exclude graded Lie algebras of 
maximal class from the definition of thin Lie algebras by requiring the existence of a 
second diamond becomes ambiguous in characteristic two. It seems to these authors 
that the notion of Nottingham (and hence thin) Lie algebras in characteristic two 
should naturally embrace some of the graded Lie algebras of maximal class. We do 
not intend to make here a definitive choice of terminology, which is to some extent 
a matter of convenicncc, but wc do express some general comments in support of 
our view, supplemented by examples. 

According to [CMN97, Theorem 5.5], for an infinite-dimensional non-metabelian 
graded Lie algebra of maximal class L, the earliest homogeneous component of L, 
after L\, which is not centralized by FY = Cl 1 (L>2), is L 2q ' for some power q' of 
the characteristic. In the terminology of [CNOO], which revised that of [CMN97] 
slightly, the first constituent of L has length 2q' . In characteristic two, a case dealt 
with in [Jur05], q = 2q' is itself a power of the characteristic. If we choose X 
and V with FX — CL 1 (L q ) and FV = L q _i, the relations (2.2) are satisfied, and 
one is temptcd to view L as a thin Lie algebra with second diamond in degree 
q (a Nottingham Lie algebra). This becomes more compclling if L has only two 
distinct two-step centralizers (that is, each homogeneous component Li with i > 2 
is centralized by either by X or Y). In fact, in that case one may place a fake 
diamond roughly in correspondence of each L, with Cl 1 ^ FY, namely, one may 
either call Li a diamond of type 1, or Lj+i a diamond of type 0. (We have discussed 
the ambiguity in defining diamonds of types zero and one after introducing fake 
diamonds in Section 2.) We stop this discussion at this point and present some 
specific examples. We refer to Section 4 for the dcfinitions of the Lie algebras of 
Cartan type involved and the exceptional isomorphisms occurring in characteristic 
two. 
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The construction of [Car97] based on the Zassenhaus algebra W(l;n) can be 
interpreted in characteristic two to produce a Nottingham Lie algebra with a dia- 
mond of type — 1 = 1 in each degree = 1 (mod q — 1), where q — 2" > 4. (We only 
point out that in characteristic two W(l; n) is not simple, but its derived subalgebra 
W(l;n)^ is; this is one case where Sf +1 ^ Si occurs in our Definition 2.1 of loop 
algebra.) Thus, all diamonds except the first are fake, and the thin Lie algebra is 
actually a graded Lie algebras of maximal class. In the notation of [CNOO, Jur05] it 
has sequence of constituent lengths 2q'(2q' — 1)°°, where q' = q/2, and is thercforc 
isomorphic with AFS(n— 1, n, n, 2). In fact, in characteristic two the Block algebra 
H(2; (1, n — 1); ^(t))^ used to produce AFS(n — 1, n, n, 2) is isomorphic with the 
simple Zassenhaus algebra W(l; n)^\ 

Similarly, one can interpret in characteristic two also the construction in [Avi02] , 
which produccs Nottingham Lie algebras with diamond types running over the 
prime field as loop algebras of graded Hamiltonian algebras H(2; (1, n))^ 2 \ In fact, 
in [Avi02, Theorem 7] the diamonds occur at each degree congruent to 1 modulo 
q — 1, where q = 2™, and have types and 1 alternately, hence all fake. Viewed 
as graded Lie algebra of maximal class, that algebra has sequence of constituent 
lengths {2q',2q' - 2)°° with q' = q/2. The theory of constituents in [CMN97] 
shows that the algebra is obtained by inflation from another one with sequence 
of constituent lengths (2q",2q" — 1)°° (obtained by halving the preceding ones), 
where q" = q' /2 = q/4. The latter is a loop algebra of W(l;n — l)*- 1 -*, as in 
the previous paragraph. This corresponds to the fact that in characteristic two 
H(2; (1, n))( 2 ) is not simple, but only differentiably simple and isomorphic with 
W(l;n-l)W <8>0(1;1). 

4. The Zassenhaus algebra and certain Hamiltonian algebras 

We recall the definitions and the main properties of the Zassenhaus algebra and 
of certain Lie algebras of Cartan type bclonging to the Hamiltonian series. Wc 
refer to Chaptcr 2 of the recent book of Strade [Str04] for a more thorough intro- 
duction. A brief introduction to some of these algebras, aimed at the non-expert, 
was given in [CM05]. Here we depart from the notation used in [CM05], which 
conformed to [B088, BKK95, Kos96], and convert to that of [Str04], which has 
become Standard. However, we make some sign choices diffcrently from [Str04], 
conforming to [B088, BKK95, Kos96] instead, to preserve consistency with the pa- 
pers [CM05, Avi02, AM05]. We also make slight adjustments with respect to [Str04] 
to accommodate the case of characteristic two, which is disregarded there. The 
reader less experienced in the theory of modular Lie algebras may as well skip most 
of the following discussion (but also lose much of the fun) and view the Zassenhaus 
algebra W(2;n) and the Hamiltonian algebras H(2;n), H(2;n; $(r)), H(2;n; $(1)) 
considcred in this paper simply as the appropriate vector spaces with Lie brackets 
definedby Equations (4.1), (4.3), (4.4), and (4.5)-(4.6), respectively. 

Let F be an arbitrary field of prime characteristic p, and ra a positive inte- 
ger. (We will point out which statements need the assumption that F is alge- 
braically closed.) The algebra O(m) of divided powers in m indeterminates (of un- 
restricted heights) is the F- vector space of formal F-linear combinations of monomi- 
als a;( a ) :— x^ 1 ^ • • ■ Xm m \ with multiplication defined by xf^xf^ = ( k ^ l )x\ at+bz \ 
and extended by linearity and by postulating commutativity and associativity of 
the multiplication. A natural Z-grading ö(m) = © fc6Z ö{m)k is given by assigning 
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to each monomial x^ its total degree \a\. Let ö((m)) be the complction of ö(m) 
with respect to the topology associated with the descending chain ideals defined by 

0(m) (fc) =e j .> fc O(m) J -. 

We partially order multi-indices a,b G N m by writing a < b if and only if aj < bi 
for all i, and set \a\ := a\ + ■ ■ ■ + a m . Let n = (m, . . . , n m ) be an m-tuple of 
positive integers, and set T(n) := (p™ 1 ^ 1 , . . . jp™" 1 " 1 ). The monomials a^"-* with 
< o < r(n) span a subalgebra of ö(m) of dimension denoted by ö(m;n). 
It is clearly isomorphic to the tensor product (9(1; ni) <8> • • • <8> ö(l;n TO ) Actually, 
as an algebra ö(m;n) is isomorphic with the tensor product of |n| copies of the 

truncated polynomial ring F[x]/(x p ) (a copy for each x^ '\ for 1 < j < m and 
< kj < rij). However, ö(m;n) is endowed with an additional structure, namely 
a set of divided power maps, which tie the various p- (divided) powers of the same 
"indeterminate" together. We refer to [Str04] for more details and only mention 
that the definition of special derivations given in [Str04] singles out exactly those 
(continuous) derivations of ö(m) (rcsp. ö((m))) which are compatible with the 
divided power maps in a natural sense. It turns out that the special derivations of 
ö(m) (resp. ö((mj), ö(m;n)) are those of the form D = fi d\ H — • + f m d m with 
fj G 0(m) (rcsp. 0((m)), ö(m;n)), whcre di{xf ] ) = S l3 xf^ 1} (with x { r 1] = 0), 

thus acting as Dx^ = fjX^ k 1 '. The special derivations of ö(m) (resp. ö((m)), 
ö(m;n)) form a Lie algebra with respect to the Lie bracket, denoted by W(m) 
(resp. W((m)), W(m;n)) and callcd a Witt algebra. (It is often refcrrcd to in 
the literature as the generalized Jacobson-Witt algebra, the name the Witt algebra 
being reserved to W(l;l).) It inherits a Z-grading W(m) = © feeZ M / (m)fc (and 
a corresponding filtration) from the natural Z-grading of ö(m), where W(m)k = 
J27Li 0(m)k+\di. In particular, W(m;n) — Y^iLi 0(m;n)di has dimension mp n . 
It is a simple Lie algebra, except when m = 1 and p = 2 (see below). Since in 
this paper we need at most two indeterminates, we find convenient to set x := x\ 
and y := x^. We also use the Standard shorthands x = x^ 1 ^ 1 ^ and y = j/p" 2-1 ). 
When tïi — 1 wc set n := n\, d := d±, and simply write n for n. 

In this paper we only need the Zassenhaus algebras W(l;n), as they occur as 
distinguished subalgebras of the Hamiltonian algebras which we will consider. In 
this case the components of the Standard grading are one-dimensional, W(l;n)i 
being generated by Ei = x^ l+1 ^d, for i = — 1, . . . ,p n — 2. Direct computation shows 
that 

In particular, we have [-B-i,^] = £j-i, and [i?o,-Bj] = i-Ej- The Zassenhaus 
algebra has also a grading over (the additive group of) F p »>, with graded basis 
consisting of the elements e a , for cv G F p ™ , which satisfy 

(4.2) [e a ,e ] = {(3 - a)e Q+/3 . 

One way of obtaining a basis {e a } from the basis {-Ei} (see [CM05, Section 2] for 
details) is 

{e = -E-i + E p n_ 2 
e a = E pn _ 2 + £[ =-1 for a G F*„ . 
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The former formula can be viewed as a special case of the latter by setting 0° := 1. 
In characteristic two the Zassenhaus algebra W(l;n) is not simple, but its derived 
subalgebra W(l;n)^ = (Ei \ i ^ p n - 2} = (e a \ a ^ 0) is simple. The above 
transition formulas are clcarly valid in this case as well. 

The four series of Lie algebras of Cartan type S, H and K (special, Hamiltonian 
and contact) are defincd as certain subalgcbras of the gencralized Jacobson-Witt 
algebra W(m). The graded representatives of each of these series, that is, those 
which are graded subalgebras of W(m) in its Standard Z-grading (except in the 
contact case), depend only on m, and n for the finite-dimcnsional ones. However, 
the remaining ones depend also on a choice of a certain continuous automorphism of 
ö((m)). An alternative but equivalent description depends on a choice of a certain 
differential form. The latter approach was taken in [CM05], following [BKK95, 
Kos96] and other papers. In this paper we consider only Hamiltonian algebras with 
m = 2, which can also be regarded as belonging to the series of Cartan type S. 

As in [Str04, §4.2] we set H((2)) := {D e W((2)) \ D(uj h ) = 0} and ff(2;n) ~ 
H((2)) (~l W(2; n), wherc lüh = dx A dy. Here one may view the (formal) differential 
forms simply as elements of the exterior algebra on the set {dx, dy} over ö((2)). In 
particular, the space of differential 2-forms is the free ö((2))-module on the basis 
{dx A dy}, and is a VK((2))-module via 

D(f dx A dy) = (Df) dx A dy + ƒ d(Dx) A dy + ƒ dx A d(Dy) 

for D e W((2j), where df — d\(f) dx + d 2 (f) dy. We dcfine the linear map 

D H : 0((2)) - W((2)), D H (f) := d 2 (f)d l - 8^)82 for ƒ e ö((2)), 

which has kernei Fl. Here we have chosen this defmition of Dg, which differs in sign 
from [Str04], and agrees with with [Kos96] and [BO88] instead, for consistency with 
the papers [CM05, Avi02, AM05]. It is then easy to see that H{{2)) = D H (ö{{2))) 
and, therefore, 

H(2;n) = D H (0{2:n)) (B¥x { P" 1 -^d 2 ®¥y < -P n2 -^d 1 

= D H (0(2;n)®¥x {pni) ®¥y {pn2) ). 

Since the linear map Dh is graded of degree —2, H(2;n) is a graded subalgebra of 
W(2;n), that is, H(2;n) = © feeZ H(2; n) k , where H(2;n) k = H(2; n) n W(2; n)k- 
lts second derived subalgebra 

H(2;n)^ = spa.n{D H (x^y^) \ < (i,j) < r{n)} 

has dimension p\ n \ — 2, and is a simple Lie algebra if p > 2. (The Lie algebras 
H(2;n) and H{2;n)^ werc denoted by H(2 : n;w ) and H(2 : n;u ) in [CM05], 
where lü = ujh ) In characteristic two, H(2;n)^ is simple provided n\ > 1 and 
77,2 > 1, as one can prove along the lines of the proof of Theorem 3.5 or Theorem 4.5 
of [SF88, Chapter 4]. However, H(2; (l,n))< 2 ) has span{L> H (y 0) ) < j < 2" 2 } as 
an ideal. In fact, -ff (2; (1, n))^ is the split extension of a simple Zassenhaus algebra 
W(l; n)^ 1 ) by its adjoint module, which is also isomorphic with W(l; n)^ <S>Ö(1; 1). 
(This fact was relevant in the final part of Section 3.) In particular, -ff (2; (l,n))( 2 ) 
is diffcrcntiably simple, sec [Blo69]. 
Since 

[D H (f),D H (g)} = D H (D H (f)(g)) for f,g e ö({2)), 
the map Dh is a homomorphism from the H ((2))-modulc ö((2)) onto the adjoint 
module for ff((2)), with kernei Fl. The associative (and commutative) algebra 
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ö((2)) can bc cndowcd with an additional structure of Lie algebra with respect to 
the Poisson bracket {f,g} = Dn{f){g) = d2{f)d\{g) — d\{f)d2{g) (which is the 
opposite as in [Str04]), and the map Dh yields a Lie algebra isomorphism from 
Ö((2))/F1 onto H((2)). It is often convenient to carry out computations in 0((2j) 
with the Poisson product rather than in H((2j). In particular, we have 

= N{z l] ,k,l)x^ +k -^y^ +l - 1 \ 



(4.3) 
where 



N(i,j,k,l) := 



i + k - ï^j + 1 - rj _ ^ + k - + 1-1 



The formula shows that C((2)) (and, hence, H{{2)) = C((2))/F1) is Z 2 -graded by 
assigning degree to the monomial x^ l+1 ^y^ +1 h To save on notation we will 
view such monomials as elements of H((2)), omitting the isomorphism Dh and 
leaving implicit that we mean their cosets modulo Fl. This Z 2 -grading of H((2)) 1 
which is induced by a natural Z 2 -grading of the largcr Lie algebra W((2)), will be 
for us more important than the Standard Z-grading, where x^ l+1 ^y^ +v> has degree 
i + j. 

Following [Str04, §6.3] and referring to that for more details, we define two more 
Hamiltonian subalgebras of W(2;n), denoted by H(2;n; ^(t))^ and -ff (2; n; $(1)). 
We actually need only the latter in the present paper, but the former occurs 
in [CM05, AM05] and we describe it here for complctencss. All Lie algebras of 
Cartan type ff (or, equivalently, S) associated with the parameters m = 2 and 
n can be obtained by intersecting ip o H({2)) o ip^ 1 with W(2- 1 n) (and then pos- 
sibly taking subalgebras), for suitable choices of a continuous automorphism ip of 
ö((2)). According to [Str04, Theorem 6.3.10], over an algebraically closed field of 
characteristic p > 3 there are only four choices for ip (three if ri\ =122) leading to 
non-isomorphic simple Hamiltonian algebras associated with m = 2 and n. They 
are given by id (the identity automorphism, which gives iï(2;n;id) = H(2;n), 
already considered earlier), $(r), and $(/) for l = 1,2, where 

$(r)W :=x- x^y^ 1 -^, $(r)(y) := y, 

$(1)(.t) := xexp(x( pni ï), *(l)(y) == V, 

where exp(a;( p " 1 )) := J2°Z x^ lpni K Again to ensure consistency with [CM05] we 
have defined <&(t) slightly differently from [Str04] (where $(r)(x) is set to equal x + 
instead), but equivalently as long as the ground field F is algebraically 
closed. The automorphism $(2) is obtained from $(1) by interchanging the roles 
of x and y, and thus becomes unnecessary if we relax the convention of [Str04, 
Theorem 6.3.10] that n\ < n 2 - 

We deduce from [Str04, §6.3], in particular from Equation (6.3.4), that 

H(2;n; $(r)) = {(1 + xy)D \ D e H(2:n)} 

= H(2;n;^>(T))^ (B¥y^ 2 -^d 1 (B¥x < - pni -^d 2 . 

According to [Str04, Theorem 6.3.10], its dcrived subalgebra 

H(2; n; $(r)) (1) = F(l + xy)di F(l + xy)d 2 © {H{2;n) (1) ) k 

k>0 
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has dimension p'"' — 1, and is a simple Lie algebra in every positive characteris- 
tic. (For the case of characteristic 2, which is excluded in [Str04, Theorem 6.3.10], 
we may refer to [CM05], where H(2;n; $(7)) and H(2;n; ^(t))^ were denoted by 
H{2 : n;u>2) and H(2 : n;^)-) In characteristic two, H{2; (1, n); ^(t))^ 1 ) is isomor- 
phic with the Zassenhaus algebra W(l;n + an isomorphism being obtained 

by mapping (1 + xy)Dn(xy^) <— > Ej-i and (1 + xy)DH(y^) >— > Ej +2 n-2- 
Similarly, according to [Str04, Theorem 6.3.10], 

i?(2;n;$(l)) = span{L> ff (x w y ü) ) -xx^>y^ ) d 2 | < < r(n)} 

has dimension p'™', and is a simple Lie algebra for p > 2. In characteristic two 
i/(2; n; $(1)) is not simple. In fact, its dcrivcd subalgebra is given by the same 
description given above for H(2; n; <&(!)) but with < < T~(n). It is easy to 

prove that H(2; n; $(1))^) is simple, of dimension 2l"l — 1. (The proof of [Str04, 
Theorem 6.5.8], where the assumption p > 2 is only needed when m = 2r > 2, can 
be interpreted to cover this case.) 

It is convenient to realize H(2; n; $(r))W and iï(2;n;$(l)) as £>(2;n)/Fl or 
0(2; n) with respect to appropriate Lie brackets. We follow [Str04, §6.5], taking 
into account the sign changes adopted here. As in the case of H(2;n) one defines a 
certain linear map Dh,lü '■ 0((2)) — > W((2)) with kernei Fl, which now depends on a 
more general differential form lo = (p(u)u), where (p is the continuous automorphism 
of ö((2)) associated to the Hamiltonian algebra undcr considcration. The forms u> 
associated with H(2;n), H(2;n; $(r)) and iï(2;n; $(1)) are thus 

u>h = dx A dy, (1 — xy)dx A dy, d( exp(a; p 1 )x dy) = exp(x p 1 )dx A dy, 

respectively. (These differ by a coëfficiënt 2 from those in [Str04, §6.5], which is 
harmiess in odd characteristic, but makes our formulas work also in characteristic 
two. Another possible choice for the third form, made in [Kos96, BKK95, Skr90], 
which is equivalent but less convenient for our computations, is e?( exp(x)x dy) = 
(1 + x) exp(x)dx A dy.) It turns out that Dh m maps ö({2)) onto 

H((2; u)) := {D e W{{2)) \ D{u) = 0} = ip o H{{2)) o <p~ x 
and H(2;n;ip) is obtained as H({2;u)) n W(2;n). Since 

[DhM'DhAq)] - D H ,JD H ,M){9)) for f,9 € 0((2)) 
according to [Str04, Equation (6.5.5)], the map becomes a Lie algebra homo- 

morphism if we endow ö{{2)) with the Poisson bracket {f,g} = Djj,u>(f)(g)- 

When ip = $(7) we have D HiU (f) = (l + xy)D H (f) for all ƒ e 0(2) (see [Str04, 
Equation (6.5.4)]). It follows that {f,g} = (1 + xy)(d 2 (f)d 1 {g) - öi(/)9 2 (ff))- In 
particular, H(2;n, $(t)) is isomorphic with the quotiënt of ö(2;n) ® Fx^" 1 ) © 
]Fy(p" 2 ) modulo its centre Fl, with the Poisson bracket 

(4.4) {arWyü) ; ^WyC)} = jv(t, j, fc, (1 + xy)x^ i+k -^ y^ +l ~^ . 

The formula shows that H(2;n, $(r)) (despite not being Z 2 -graded, unlike H(2;n)) 
has a natural grading over the group Z /Zr(n), where the monomial 
has degree (i, j) + ZT(n). This fact was exploited in [CM05] to produce various 
cyclic gradings of H(2;n, $(7)) which give rise to graded Lie algebras of maximal 
class and thin Lie algebras by a loop algebra procedure. 

When ip = $(1) we have D H ^(ef) = D H (f) - xfd 2 for all ƒ e C((2)), where 
we have set e :— exp(x^ p " 1 )), see [Str04, Equation (6.5.8)]. Consequently, the map 
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Dh,ui maps eö{2) onto H(2;u) := H{{2;u)) n W{2). In particular, Dh,lo maps 
eO(2;n) onto ff(2;n,$(l)). It also follows that 

D H Aef)(eg) = e(D H (f)(g) + x(d 2 (f)g - fd 2 (g)). 

Here we choose to definc a Lie bracket by setting { ƒ, g} := e~ 1 DH,u>(ef)(eg) (which 
is different from the Poisson bracket defined above on ö((2)) with respect to a 
generic form u, despite the same notation). Then H (2; n, $(1)) becomes isomorphic 
to 0(2; n) with respect to this Lie bracket. Restricted to 0(2; n), that is, for 
(0, 0) < (i, j), (k, l) < r(n), the Lie bracket can be written as 

(4.5) {xW y ü),a;( fc )|/W} = N(i,j,k,l)x^ i+k -^y^ +l -^ if ï + fc > 0, and 

(4.6) {^,^}=(( i+ ;- i )-( i+ ^.- 1 ))^- 1 ). 

It follows from Equations (4.5) and (4.6) that the algebra H(2; n; $(1)) is graded 
over the group Z/p ni Z x Z by assigning degree (i + p ni Z 1 j) to the monomial 

Remark 4.1. There is a way of making the special case (4.5) more similar to the 
general case (4.6) by replacing N(i,j,k,l) with N'(i,j,k,l) := - 

C + fc _1 ) • In fact ' N'ihJ'k' 1 ) = N (iJ,k,l) for i,j,fc,Z > except when 

either i = fc = or j = l = 0, which is immaterial in the former case and yields 
the nice formula {y^ j \y^} = N'(0, j, 0, l)xy^ +l ~^ in the latter case. Note also 
that replacing N(i,j,k,l) with N'(i,j,k,l) would lcave Equations (4.3) and (4.4) 
unaffected. 

The Hamiltonian algebras considered in this section are isomorphic to Lie alge- 
bras produced by Albert and Frank in [AF55] by means of different constructions 
(see also [Sel67, (V.4)]). In particular, an Albert-Zassenhaus algebra is a Lie algebra 
with a basis {u a | a E G}, where G is an additive subgroup of F, and multiplication 
given by 

[u a , up] = (/3-a + aQ(/3) - f3<d(a))u a+f3 

for some homomorphism 9 of G into the additive group of F. This construction 
generalizes the construction (4.2) for the Zassenhaus algebra. According to [BI079, 
Corollary 5.1], the Albert-Zassenhaus algebras of dimensionp" over an algebraically 
closed field of characteristic p > 3 are precisely the Zassenhaus algebras W(l;n) 
and the Hamiltonian algebras i/(2;n; <&(1)). To justify the title of this paper, our 
main goal is to construct certain cyclic gradings and corresponding loop algebras 
of the latter. 

We stress that over an arbitrary field F of prime characteristic we take W(m; n), 
H(2;n), H(2; n; 3>(t)) and H(2; n; $(1)) to denote the specific forms of these alge- 
bras as defined above, although they may admit other forms when F is not alge- 
braically closed. 

5. NOTTINGHAM LlE ALGEBRAS WITH DIAMONDS OF TYPES -1 AND OO 

The natural (Z/p ni Z x Z)-grading of H(2; n; $(1)) considered in the previous 
section gives rise to a cyclic grading by viewing the degrees modulo the subgroup 
of Z/p rai Z x Z generated by (— l,p" 2 — 1). More precisely, we obtain a grading 
L = (Bkez/NZ LkOÏL = H(2;n; $(1)), where N = p ni (p n2 -l), by assigning degree 
— {p n i — l)i — j -f NZ to the monomial x^ l+1 ^y^ +1 \ In particular, L\ is spanned 
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by x and y, and all components of the grading are one-dimensional except those 
with k = 1 (mod p™ 2 — 1), which are two-dimensional. This grading is the exact 
analogue of the grading of H(2;n; ^(t))^ described in [CM05, Subsection 5.2]. We 
claim that the corresponding loop algebra is thin. This follows from the following 
computations: 

{x^y^\x} =x^y^~ 1 \ 

'-xy ( P n2 - 2 ^ ifj = 0, 
2xy ïf i = 1 , 

otherwise, 

and, for i > 0, 



{y u \y} = { 



- X (i-Vy(P n2 -V ifj = 0, 

x^^y if j = 1, 

otherwise. 



In fact, if p > 2, which we assume for now, the computations easily show that L\ 
generates H(2; n; $(1)), and that 

(5.1) L k+Ï = {u, Lf} for every 0^ueL k , for all k e Z/NZ. 

(We give more details about this in the next paragraph.) This implies at the same 
time that the loop algebra of L is thin, and that it coincidcs with fe>o Lj, ® ¥t k . 

Condition (5.1) expresses an analogue in L of the covering property (1.1) for its 
loop algebra. We now check the validity of (5.1) in the only nontrivial cases, namely, 
when I/fe is two-dimensional. With a harmiess abuse of notation with respect to 
Section 2, we denote by X and Y the elements x and y, respectively, rather than 
the corresponding clements x ® t and y ® t in the loop algebra. In particular, the 
dcfining condition {L^ Y} = for Y is satisfied. Setting V = x^y for < i < p' 
we see that Lj, for k = — (p" 2 — l)(i — 1) + 1 is spanned by {V, X} = x^ and 



{V,Y} 



x^-^y if i > 0, 
2xy if i = 0. 



It follows that {V,X,X} = {V,Y,Y} = for all i. These two relations together 
with the nonvanishing of both {V, X, Y} and {V, Y,X} imply the validity of the 
covering property for L k . Therefore, the loop algebra of L is thin. Furthermore, 
since its second diamond occurs in degree q, it is a Nottingham Lie algebra, and the 
dcfinition of diamond type given by (2.4) applies. Because —{VXY} = {V,Y,X} 
for i > and 2(1^X7} = —{V 7 Y,X} for i = 0, the corresponding diamond has 
type oo in the former case and —1 in the latter. For the purpose of reference we 
state our result formaily. 

Theorem 5.1. Let F have odd characterisüc p, and let q — p™ 2 and r — p ni , where 
n\,n<2 > 0. A grading of H(2;n; $(1)) over the integers modulo (q — l)r is defined 
by declaring 

X = x and Y — y 

to have degree one. These elements generate H(2;n; ^(l)) and are part of a graded 
basis given by the monomials x^y^\ where x^y^ has degree (1 — q)i — j + q 
modulo (q — l)r. The corresponding loop algebra N is thin with second diamond in 
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degree q. The diamonds occur in all degrees congruent to 1 modulo q — 1. They 
have all type oo, except those in degrees congruent to q modulo (q— l)r, which have 
type — 1. 

Remark 5.2. A similar result as Theorem 5.1 holds in characteristic two, but then 
X = x and Y = y generate the derived subalgebra -ff (2; n; < &(l))^ 1 - ) , and the dia- 
monds of type —1 in the loop algebra TV are fake, as we have explained in Section 2. 
The proof given above goes through with L = ff(2; n; ^(l))^ 1 ). This Nottingham 
algebra TV falls into one of the cases described in [JY], where the largest quotiënt 
of maximal class of a thin Lie algebra over a term of the lower central series is not 
metabelian, but has constituent sequence 2q' , 2q' — 2, where q' = q/2. lts existence 
provides a negative answer to the former of the two open questions posed in the 
Introduction of [JY] (but see also Remark 6.2). 

Remark 5.3. The special case where p = g = r = 2is quite interesting. The 
Hamiltonian algebra ff (2; (1, 1); $(1))^^ is then the three-dimensional simple Lie 
algebra, and its loop algebra TV has a genuine diamond in each odd degree (and 
a fake one in each even degree). Because of the many realizations of the three- 
dimensional simple Lie algebra, this particular thin Lie algebra TV has several other 
intcrpretations besides that as a Nottingham algebra with second diamond in de- 
gree q = 2 which we have just given, as we have anticipated in Remark 3.6. For 
cxamplc, it is the loop algebra of ff (2; (1, 1);$(t))^) described in [CM05, Subsec- 
tion 5.2] (hence a maximal subalgebra of the graded Lie algebra of maximal class 
AFS(1,2,2,2), see [CMN97, CNOO]); in this interpretation, its second diamond is 
(genuine) in degree 2q — 1 = 3, and all its diamond have infinite type. (Diamond 
types for (— l)-algebras are dcfined in a different way than for Nottingham Lie al- 
gebras, see [CM05], for example.) However, diamond types are ambiguous in this 
situation, and TV can also be viewed as a loop algebra of ff (2; (1, 1); ^(t))^ with 
respect to the different grading given in [CM05, Theorem 7.2], thus, with all dia- 
monds having finite types. Finally, TV can be viewed as the case of characteristic 
two of the construction given in [CMNS96, Section 4], namely, of a thin Lie algebra 
with second diamond in degree 3 (independently of the characteristic). In fact, the 
three-dimensional Lie algebra T considered there is simple in all characteristics but 
is classical of type Ai only for p odd (unavoidably so, since the classical simple Lie 
algebra of type A\ becomes nilpotent in characteristic two) . 

6. Nottingham Lie algebras with diamonds of finite types 

In this section we produce a Nottingham Lie algebra with diamonds of finite 
types and not all in the prime field, as the loop algebra of ff(2; (1, n); <&(1)) with 
respect to a certain cyclic grading. We follow a procedure used in [CM05, Sec- 
tion 7] to construct (— l)-algebras with diamonds of finite types as loop algebras 
of ff(2; (1, n); $(t))^) . Differently from the construction in Section 5, here the 
ground field F is clearly not arbitrary, as it is bound to contain at least the various 
diamond types. It will turn out after Theorem 6.1 that the present construction 
works over any perfect field F of characteristic p > which contains the diamond 
types. However, it will be easier not to set that in advance, and simply allow our- 
selves to enlarge F when necessary (or just assumc F algebraically closed for now). 
As in Section 5, we assume that p is odd, and describe the necessary adjustments 
in characteristic two after Theorem 6.1. 
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We first work with L = H(2:n; $(1)) and postpone the restriction m = 1 to a 
later stage. Consider the grading L = © fc6Z Lk of L given by setting 

Li_j = (x^y U) \i = 0,...,p ni -1) 

for j = 0, . . . ,p n2 — 1. We identify the component Lq with the Zassenhaus algebra 
W(l;m) via E, = x^+^y, for i = -1, . . . ,p ni - 2. This is justified by 



k-l J \ i-l 

We have mentioned in Section 4 that W{l\n\) has a grading over the additive 
group of the finite field ¥ p n x , see Equation (4.2). More generally, we can obtain a 
grading over a certain additive subgroup of F (assumed large enough) as the root 
space decomposition of W{l;n\) with respect to an appropriate one-dimensional 
Cartan subalgebra, say (eo), where eo = y + nxy for some nonzero coëfficiënt tt. 
(The choice of ir was immatcrial in [CM05], where we had w = 1.) Let er e F such 
that <r p 1-1 = n. Thcn, nonzero elements in the corresponding one-dimensional 
root spaces are given by the formulas 

{eo = V + TTxy 
e a = nxy + ECo' 1 «^ ( % for a £ F ;-i • <r, 

where e a corresponds to the eigenvector a. The formcr formula can be seen as a 
special case of the latter if we agree to set 0° = 1. See [CM05, Section 2] for some 
comments on how to obtain and conveniently manipulate formulas like these. 

The decomposition of L into weight spaces with respect to adeo extends the 
grading of W(l;n\) to a grading of L. Since e belongs to Lq it normalizes every 
component Lu- Intersecting this grading of L with the Z-grading feeZ ïfe yields 
a (Z x F p ni )-grading, from which we will obtain the desired cyclic grading of L. 
Thus, our first goal is finding the weight spaces of adeo on each component Lj. We 
have 

{e Q ,x (l) y (j) } = {y + irxy^x^y^} = 

'{l-j)xyW> - jnx^-Vy^ if % = 0, 
= < j/W + (l+j)nxyW if i = 1, 

x^-^yW if i > 1. 

Choose p E F such that p pni — np — 1 = 0. It is not hard to see that the 
characteristic polynomial for ade on L\-j is x p " — irx + j — 1, and its roots form 
the set (1 — j)p + F P "i • a. Eigenvectors for adeo on ïi-j, for j = 0, . . . ,p" 2 — 1, 
are 

p" 1 -ï 

(6.1) ei_j, a = TrjSyW + ^ rfiWy' 3 '' for a e (1 - j)p + ¥ pni ■ a. 

These eigenvectors extend the complete set of eigenvectors for adeo ° n the subal- 
gebra W(l;n\) given by its basis clements e , Q = e a . We have chosen our notation 
so that e.\-2,a G ^ï-jt an d 

{eo, ei-j,a} = aiei-j ta . 

Note that, differently from [CM05, Section 7], the subscript 1 — j is a genuine 
integer and is not to be read modulo p U2 — 1. Also, the two subscripts are not 
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independent, since the value of 1 — j modulo p is determined by a. Thus, we have 
obtained a grading L = 0^ fe > Lk, a over a certain subgroup of Z x (F p • p + ¥ p ^i ■ er) 
isomorphic with Z x F P "i , the degree of each basis element ek, a being given by 
its pair of subscripts (fc, a). Note that all components Lfe jQ of the grading have 
dimension zero or one, the latter possibility occurring for 2 — p™ 2 < k < 1. 

It is easy to find the complete multiplication table of the basis ei-j. a . We have 

(6.2) {ei_ Jia ,ei_; ;/ g} = 

which is to be read as zero when 2 — j — l lies outside its legal range 2 — p™ 2 ,...,0,1. 
In fact, since the basis is graded we know that the result on the right-hand side must 
be a scalar multiple of e2-j-i,a+(3- Thus, it remains only to determine that scalar, 
for cxample by computing the coëfficiënt of the monomial yÜ +l ~ 1 '> in the result 
(noting that y^ always appears with nonzero coëfficiënt in ei_j iQ ). To accomplish 
this it sufficcs to compute the product of the only relevant terms, namely 

Now we restrict our attention to the case of main interest for us by setting n\ = 1. 
For later reference we rewrite Equation (6.1) in this special case: 

p-i 

(6.3) ei_ j>Q = cjP-ijxy^ + ^ a'i' I V ,) for a G (1 - j)p + ¥ p -a. 

i=0 

We introducé the shorthand q = p n2 , hence L has dimension pq. Roughly speaking, 
we want to produce a cyclic grading of L by "viewing j modulo q — 1" , but we have 
to be careful because j and a are not independent. In precise terms this means 
factoring the grading group, which is the subgroup ((1, p), (0, er)) of Zx (¥ p -p+¥ p -er), 
modulo its subgroup ((1 — q, p)). We naturally obtain a new grading of L over the 
quotiënt group G, which is cyclic of order (q— l)p. We need not introducé a specific 
notation for this grading, but for the loop algebra construction to make sense we 
must choose an isomorphism of G with Z/(g — l)pZ. We choose the isomorphism 
which maps (1, p + a) + Z • (1 — q, p) to 1 + (q — l)pZ. In other words, we choose 
the former as the distinguished generator "ï" of G referred to in Section 2. The 
corresponding component of the cyclic grading is L\ tP © L2- q ,2p+a- 

Next we prove that the corresponding loop algebra is thin with second diamond 
in degree q, thus a Nottingham Lie algebra, and that all diamonds are of finite type. 
All components in the (Z/(q— l)pZ)-grading of L are one-dimensional, except those 
of degree congruent to 1 modulo q — 1, which are two-dimensional (having the form 
L\, a + L2-q. a +p) and will give rise to the diamonds in the loop algebra. We proceed 
as in Section 5 and set X = e\ !P+a and Y = e 2 - q ,2p+cr- Equation (6.2) yields the 
formulas 

{ei- jtCt , X} = (p + a)e 2 -j, a+p +a for j = 0, . . . , q - 1, 
{ei_j, a ,y} = for j = 2, ...q-1, 
{e , Q , Y} = (a + 2p + a)e 2 - q , a+ 2p+a, 



- ,+ n 



ü'+i-i) 



THIN LOOP ALGEBRAS OF ALBERT-ZASSENHAUS ALGEBRAS 



23 



which describe the adjoint action of X and Y on L. Note that all coefficients which 
appear are never zero. Hence, the formulas show at once that 

{L Ka , FX + ¥Y} = L k+l . a+p for fc ^ 2 - 0, 1, and 

{L , a ,¥X + ¥Y} = L 1 

which imply that the covering property holds in these degrees, since Lk, a is one- 
dimensional. To see that the loop algebra is thin, it remains to check the covering 
property on the two-dimensional components. The elements {e , a , X} and {eo. a , Y} 
span the component Li, a+p+rJ + L 2 -q,a+2p+a, and we have 

{eo,a,X, X} = 0, 

{eo, Q ,^, Y} = -{p + a)(a + p + cr)e 3 _ giQ , +3 p + 2 CT , 
{eo,a,Y,X} = (p + <7)(a + 2p + <7)e 3 _ q . a+3p+2a , 
{e o , a ,Y,Y} = 0. 

The first and fourth equations together imply that the covering property holds. 
Thus, the loop algebra of L is a thin Lie algebra, with second diamond in degree q. 
The second and third equations determinc the diamond types. In fact, the clement 
V t = e 0; _( t _i) (T (which we may dcfinc for every positive integer t) gives rise to a 
nonzero element in the component preceding the tth diamond in the loop algebra, 
and satisfies 

(l-IH){V u X,Y} = VH{V t ,Y,X}, 
with p t = —1 + (t — 2)a/p. Consequently, the tth diamond in the loop algebra, 
which occurs in degree (t — l)(q — 1) + 1 and originates from the component of L 
spanned by {V t ,X} and {T^,^}, has type p t - We have completed a proof of the 
following result. 

Theorem 6.1. Let F have odd characteristic p, and let q = p n , where n > 0. 
Assume that there are er, p G F with a ^ and p p — o p ~ x p — 1 = 0. A grading 
of H(2; (l,n); <&(1)) over the integers modulo (q — l)p is determined by declaring 
X = ei, p +<j and Y = e 2 - q ,2 P +a, that is, 

p—i p— 1 

X = ^{p + cr) l x {l) and Y = -a^xy + ^(2p + cr) l x ( %, 

i=0 i=0 

to have degree one. They generate H(2; (1, n); *&(!)) and are part of a graded basis 
given by the elements in (6.3), where ir = o p ~ x . The degree k modulo (q — l)p of 
e r .rp+scr is determined by k = r (mod q— 1) and k = s (mod p). The corresponding 
loop algebra N is thin with second diamond in degree q. The diamonds occur in all 
degrees congruent to 1 modulo q—1, and their types follow an arithmetic progression 
not contained in the prime field. 

Since the third diamond has always type —1, the arithmetic progression which 
gives the diamond types is determined by the types of the third diamond, which is 
fis = — 1 + a/p. Conversely, if the type p 3 of the third diamond is assigned, with 
/13 G F \ F p , then a and p are uniquely determined by 

(6.4) a p l —] = 1 and p(p 3 + 1) = a. 

\p 3 + 1 p 3 + 1/ 

Consequently, Theorem 6.1 gives an existence proof for the Nottingham Lie algebras 
whose uniqueness was established in [CM04, Theorem 2.3] for p > 5. In essence, 
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that result stated that up to isomorphism there is a unique (infmite-dimcnsional) 
thin Lie algebra whose largest quotiënt of class 2q is isomorphic with L/L 2q+1 , 
where N is the thin Lie algebra constructcd in Theorem 6.1. An equivalent for- 
mulation is that N is the unique Nottingham Lie algebra with second diamond in 
degree q, and third diamond in degree 2q — 1 and prescribed type /13 G F \ F p (for 
p > 5). Note that distinct values for ^3 correspond to non-isomorphic Nottingham 
Lie algebras. In fact, the subspaces (X) and (Y) of Lx are invariants of the algebra, 
as noted after the proof of (2.2), and ^3 is unaffcctcd by replacing X and Y with 
scalar multiples. 

Equations (6.4) also justify a claim which we made at the beginning of this 
section. In fact, they show that the ground field F satisfies the assumptions of 
Theorem 6.1 provided it is perfect and contains what we want to be the type 
of the third diamond of the resulting loop algebra N, namely, ^3 = — 1 + a/p. 
However, note that the existence of a thin algebra with structure as described 
in [CM04, Theorem 2.3] does not depend on the perfectness assumption on F. This 
is because [CM04, Theorem 2.3] and its proof show that the loop algebra N of 
Theorem 6.1 is actually defined over the field ¥ p (ps). Thus, when F is not perfect 
N may be a loop algebra of an F-form of -ff (2; (1, n); $(1)) different from the onc 
considered here. 

Remark 6.2. We can interpret Theorem 6.1 in characteristic two in a similar way 
as we did for Theorem 5.1 in Remark 5.2. Note first that in odd characteristic 
the only basis elements in (6.3) which involve xy are e2- q , a for a G 2p + ¥ p ■ o. 
However, in characteristic two we have ei- q ,<j = y, and so the only basis element 
involving xy is e2- g .o = axy + y. Thus, all the remaining basis element span the 
derived subalgebra ff(2;n; ^(l))^ 1 '. In fact, the elements X = 1 + (p + a)x and 
Y = y generate H(2;n; $(1))W. The loop algebra TV has a fake diamond of type 
— 1 = 1 in each degree congruent to q mod 2q — 2, and a genuine diamond of type 
^3 = — 1 + a/p 'm each degree congruent to 1 mod 2q — 2. Together with the 
Nottingham algebra described in Remark 5.2, this Nottingham algebra TV falls into 
one of the cases described in [JY], where the largest quotiënt of maximal class of 
N over a term of the lower central series is not metabelian, but has constituent 
sequence 2q' , 2q' — 2. 

In the special case where p = q = r = 2 the algebra ff (2; n; $(1))W is the 
three-dimensional simple Lie algebra and the construction of Theorem 6.1 yields 
yet another realization of the thin Lie algebra considered in Remark 5.3. 

7. Nottingham Lie algebras with diamonds of finite types in the 

prime field 

Theorem 6.1 produces a Nottingham Lie algebra with second diamond in degree 
q and third diamond in degree 2q — 1 and of type ^3 , for any prescribed /13 ^ F p . As 
we have mentioned in the Introduction, analogous Nottingham Lie algebras with 
^3 G F p were constructed in [Car97, Avi02] as loop algebras of W(n; 1) if ^3 = —1, 
and -ff (2; (1, n)) otherwise (suitably extended by an outer derivation if ^3 = —2 or 
—3). In this section we show how the construction of Section 6 allows us to recover 
those Nottingham Lie algebras as well. 

We deal first with the easier case p^ = — 1. In the setting of Section 6 we may 
interpret this as a = 0, whence p v — 1 = 0, and hence p = 1. The element eo defined 
as in Section 6 is now e = y. Differently from the original setting of Section 6, 



THIN LOOP ALGEBRAS OF ALBERT-ZASSENHAUS ALGEBRAS 



25 



here eo is not semisimple. In fact, the only admissible value for a in Equation (6.3) 
is a = (1 — j)p, and the formula yields the only eigenvector ei-j tCt for adeo on 
ïi-j. The collection of these eigenvectors spans a Lie subalgebra of L of dimension 
q. In fact, the multiplication formula given in Equation (6.2) still applies in this 
degenerate situation and yields, after a simplification, 

s x + (i + l - l W 

It follows that the elements X and Y as defincd in Theorem 6.1 generate a sub- 
algebra of -ff (2; (1, n); <E>(1)) isomorphic with W(l;n) via Ei — p _1 e_i ; _j. The 
grading of W(l; n) thus defined, over the integers modulo q — 1, coincides with that 
used in [Car97] to construct a Nottingham Lie algebra with all diamonds of type 
— 1. (A similar situation would occur in the contruction given in [Avi02, Section 5]: 
setting /13 = —1 in that context, a value excluded there, then X and Y would 
generate a subalgebra of ff(2; (1, n)) isomorphic with W(l; n).) 

In the remaining cases /X3 G F p \ {— 1}, the ratio a/p should also belong to the 
prime field, in contradiction with the assumption p p — <j p ~ 1 p — 1 = of Theorem 5.1. 
However, we can make sense of these cases in terms of dcformations. Loosely 
speaking, we can insert a parameter e in the Lie bracket defined by Equations (4.5) 
and (4.6) leaving the isomorphism type of the algebra unchangcd as long as e 7^ 0. 
Then Theorem 6.1 gives a grading of the algebra where the diamond types of the 
corresponding loop algebra depend on e. It turns out that when e "approaches zero" 
the type of the third diamond "approaches an clement of the prime field" . However, 
the isomorphism type of the finite dimensional algebra also changes in the limit. 
It is possible to make this rigorous by adopting the language of Gerstenhaber's 
dcformation theory of algebras [Ger64, GS88]. However, to avoid the risk of making 
this section less readable and distracting from the essence of the argument we have 
preferred an informal exposition, thus relegating the technicalities to Remark 7.1. 

Assume for simplicity that F is algebraically closed. Let e be an element of F and 
definc a multiplication { , } e on 0(2; (1, n)) by the same formula in Equation (4.5) 
for i + k > 0, and 

o) „oh -J{i + l - 1 \-P + l - 1 \'\ ™ü+«-u 



(7.1) {v™,V w h=e\^ ' ; J-^ ' ' ^jjxy 

replacing Equation (4.6). This amounts to replacing the automorphism $(1) of 
ö{{2)) with the automorphism $(l) e such that $(l) e (a;) = rrexp^x^" 1 ') and 
<&(l) £ (y) = y. The resulting Lie algebra ff (2; (1, n); $(1) £ ) is isomorphic with 
ff (2; (l,n);$(l)) if e ^ 0, and with a central extension of ff (2; (l,n))W if e = 0, 
which we naturally identify with 0(2; (l,n)) with the Poisson bracket (4.3), and 
tcmporarily call ff for convenience. Let o be a nonzero element of F, and set e = 
y + o p ~ x xy. The characteristic polynomial for ad eo on L\-j is x' p — a p ~ 1 x + e(j — 1). 
lts roots consist of the set (1 — j)p + ¥ p ■ a, where we have chosen p so that 
pP _ (jP-ip — e = 0. Eigenvectors for adeo on ïi-j, for j = 0, . . . , q — 1, are still 
given by Equation (6.3) and multiply according to Equation (6.2). 

When we set e = 0, Equation (6.3) gives a complete set of eigenvectors for 
ade in ff, where e = y + a p ~ 1 xy (as long as o ^ 0). Now p and a are related 
by the equation p p — a p ~ 1 p — 0. When p = 0, which should correspond to the 
third diamond having type /X3 = 00, this grading does not yield a thin algebra 
(because {ei,o,^} = = {eo,-cr,^})- However, we have already produced various 
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Nottingham algebras with third diamond of type oo in Section 5 as loop algebras of 
H(2;n; $(1)), and hence we assume p ^ 0. Since the diamond types depend only 
on the ratio a/p, which is now a nonzero element of the prime field, we may as 
well assume that a and p belong to the prime field, whence a v ~ x = 1 produces a 
slight simplification in formula 6.3. Assigning degrees to the elements e\-j,a with 
the same rule used in Theorem 6.1 gives a grading of H over the integers modulo 
p(q — 1). Bcfore we consider the corresponding loop algebra, rccall that H is not 
simple, unlike H(2; (1, n); $(1)). lts subalgebra (x^y^ : i + j < p + q - 2) of 
codimcnsion one is spanned by the collection of all e\-j iQt with the exception of 
e 2-g,o = y^xy. Furthcrmore, H has a one-dimensional centre spanned by e^o = 1, 
and the quotiënt (x^y^ : i+ j < p + q — 2)/(l) is a simple Lie algebra (namely, 
ff(2;(l,n))( 2 )). 

It is easy to verify that the elements X = ei. p+cr and Y = e2-q.ip+o generate H 
provided a/p =/= — 1. The corresponding loop algebra L is not thin because it has 
a nonzero centre. However, the quotiënt of L modulo its centre is a Nottingham 
Lie algebra and has diamonds, possibly fake, in all degrees congruent to 1 modulo 
q — 1. Their types follow an arithmetic progression contained in the prime field, 
determined by the type — 1 + a/p of the third diamond. Up to minor diffcrences 
in notation, this matches the construction of these algebras given in Theorem 3 
of [Avi02]. 

In the case a/p = —1 which was excluded above, X turns out to be the central 
element ei.o of H. In fact, the arithmetic progression of diamond types would 
predict that the very first diamond in the corresponding loop algebra is fake of 
type 0. This is onc of two cases in [Avi02] where to produce a thin algebra one 
needs to introducé an outer derivation of the simple algebra, in this case adx^. 
The other exceptional case in [Avi02] corresponds to our case a/p = —2, where the 
arithmetic progression of diamond types would predict the first diamond being fake 
of type 1. There one needs to introducé the outer derivation adxy of the simple 
Hamiltonian algebra, which was already taken care of by the present construction. 

Remark 7.1. As promised earlier in this section, we briefly sketch how one can makc 
the above deformation argument rigorous. If we let e be an indeterminate over F and 
denote by F(e) the corresponding field of rational functions then Equations (4.5) 
and (7.1) definc a multiplication { , } £ on the divided power algebra 0(2; (1, ra)) 
over F(e). Because this Lie algebra is actually defined over the polynomial ring F[e], 
one obtains a Lie algebra over F by specializing e to any element of F. However, in 
order to proceed furthcr and deal with the eigenvectors for ad eo it is necessary to 
enlarge F(e) to a field containing a and p. The easiest way to do this is to introducé 
a further indeterminate a and view the Lie algebra over the field E = F(<r)((e)) of 
formal Laurcnt series over F(cr). The Lie algebra then is (a form of) the Hamiltonian 
algebra H(2; (1, n); $(1)) over E. The polynomial Z p — a p ~ 1 Z — e has all its roots 
po, po + er, . . . ,p + (p - l)a in E, where p = -vYaLo^I /fjP ) P ' ■ Taking any of the 
roots as p, Equation (6.3) gives a complete set of eigenvectors for adeo- The loop 
algebra constructed according to the recipe given in Theorem 6.1 is a Nottingham 
algebra, over the field E, with all diamonds of finitc type not all in the prime 
field. Since everything seen so far is actually defined over the ring F(<r)[[e]] of 
formal power series, we are allowed to specialize e at zero. The Lie algebra then 
becomes a central extension H of H(2; (l,n))^ over V(a), the element p becomes 
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one of the roots 0, a, . . . , (p — l)a of Z p — <r p ~ 1 Z, and the corresponding loop 
algebra has all diamond in the prime field, as described above. In Gerstenhaber's 
language of deformations [Ger64, GS88] one says that the Lie algebras (both the 
Hamiltonian algebra and its loop algebra) over F(cr)[[e]] are formol deformations of 
the corresponding ones over F(ct). 
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